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Symmetric Boolean Functions 
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Abstract 



In 2008, Cusick et al. conjectured that certain elementary symmetric Boolean functions of the form cr2f+i;_i 2' 
are the only nonlinear balanced ones, where t, I are any positive integers, and an,d = ®i<i <-<i <n 2;iia;i2 • • • Xi^ 
for positive integers n, 1 < d < n. In this note, by analyzing the weight of (t„ 2* and (Jn,d, we prove that 
Mh' wt((T„ rf) < 2"^^ holds in most cases, and so does the conjecture. According to the remainder of modulo 4, we 

<' 



also consider the weight of (T„_d from two aspects: n = 3(mod 4) and n ^ 3(mod 4). Thus, we can simplify the 
conjecture. In particular, our results cover the most known results. In order to fully solve the conjecture, we also 
consider the weight of cr„_2*+2= and give some experiment results on it. 
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,^ ', Balancedness, algebraic degree. Boolean functions, elementary symmetric Boolean functions. 
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> ■ I. Introduction 

00 

Boolean functions are frequently used in the design of stream ciphers, block ciphers and hash functions. One 

of the most vital roles in cryptography of Boolean functions is to be used as filter and combination generators 
CO . of stream ciphers based on linear feedback shift registers (LFSRs). Among all the Boolean functions, symmetric 
fNj ' Boolean functions are an interesting subclass for their advantage in both implementation complexity and storage 

space. 

Symmetric Boolean functions are characterized by the fact that their outputs only depend on the Hamming weights 

^ '• 
;_] \ of their inputs. These functions can be represented in a very compact way both for their algebraic normal forms 

C^ ■ 
- - - and for their value vectors, which considerably reduces the amount of memory required for storing the function and 

is of great interest in software applications. Elementary symmetric Boolean function is the basic unit composing 

of symmetric Boolean functions. Some cryptographically significant properties of (elmentary) symmetric Boolean 

functions have been studied in ||TI- |[T3| . 

Balancedness is the compulsory property for a Boolean function, since our cryptographic primitives is necessary 

to be be unbiased in output. Recently, there are some results about the balancedness of elementary symmetric 

W. Su is with the Institute of Mobile Communications, Southwest Jiaotong University, Chengdu, 610031, China, and also with the 
Institute for Algebra and Geometry (lAG), Otto-von-Guericke University Magdeburg, D-39106 Magdeburg, Germany (e-mail: weisu0109@ 
googlemail . com) . 

X. Tang is with the Institute of Mobile Communications, Southwest liaotong University, Chengdu, 610031, China (e-mail: xhutang® 
ieee.org). 

A. Pott is with the Institute for Algebra and Geometry (lAG), Otto-von-Guericke University Magdeburg, D-39106 Magdeburg, Germany 
(e-mail: alexander.pott@ovgu.de). 



Boolean function u^ ^ : 

Cn,d — MJ Xii^i^ • • • Xij, 

l<Ji<J2<---<«d<'« 

for 2 < d < n. 

In m, Cusick ef a/, proved that o"2*+i/_i,2* is balanced if t and / are positive integers (Theorem 3). Further, they 
presented the following conjecture. 

Conjecture 1: There are no nonhnear balanced elementary symmetric Boolean functions except for c7-2t+iz_i,2*> 
where t and / are any positive integers. 

Towards this conjecture, some results have been obtained in ll9l- llT3l . 

1) li d > 1 is odd, then an,d is not balanced (Lemma 3.11, Q); 

2) li d = 2*, then (7„ ^ is balanced if and only if n has the form of n = 2*+^/ — 1, where t and / are any positive 
integers (Corollary 3.10 and Lemmas 3.1, 3.17, ||9l); 

3) Let n = 2*+^/ — 1 for some positive integers t, I. If d is even and 2* < d < 2*+^, then an,d is not balanced 
(Corollary 3.10 and Lemmas 3.1, 3.13, P); 

4) Let n = 2*+^? + r - 1, where t, / > and < r < 2*+^. If d is even and 2* < d < 2*+^ - 2, then <T„^rf is 
not balanced (Corollary 3.10 and Lemmas 3.1, 3.18, Q). Error correctly, the authors claimed in ||9] that this 
result holds for < r < 2*+^ + 2*, but the proof only work for < r < 2*+^. It will be explained in details 
in Remark [U 

5) If n = 2*+^/ - 1, / odd and 2*+^ /(d, an,d is balanced if and only ii d = 2^, 1 < k <t (Theorems 1, 2, 3 

Eol); 

6) Conjecture [T] holds for sufficiently large n. In particular, if d is not a power of two, then an,d is not balanced 
for sufficiently large n (Remark 3 llilTI ): 

7) Let r = [log2(iJ + 1. For any n, n > — 2(log2 cos(^))~^, all these nonlinear balanced elementary symmetric 
Boolean functions are of the form cr2t+ii-i,2*> where t and / are any positive integers (Theorem 3 ||T2| ). This 
implies that Conjecture [T] is true for large enough n; 

8) Letd = 2*+'"(l + 2i + --- + 2^) andn = 2^+'"+^{l + 2^ + ■ ■ ■ + 2') + 2^q + m, m G {-1, 0}. If the nonnegative 
integers t, w, s, q satisfy certain conditions, then an,d is not balanced (see Theorems 1-4 in (T3\ for more 
details). 

In this note, we first consider the weight of o"n,2*- By applying the relationship between an^d and an,2t, we prove 
that wt((T„ rf) < 2"~^ holds in most cases. Especially, these results cover the results given in ||9l- 

Next according to the remainder of modulo 4, we consider the weight of an,d from two aspects: n = 3(mod 4) 
and n ^ 3(mod 4). Most notably, our results cover the results in lITOl . Further, we prove that if n = 2^^^l — 1, / > 3 
odd and 2*+^!^, a^rf is not balanced for wt((i) = 1 or 2d 2< n, which is not available in |[TOl . For n ^ 3(mod 4), 
we get some similar results as that of n = 3(mod 4): 

1) If n ^ 3(mod 4), then an,2= is not balanced, for any 1 < s < [log2nJ; 

2) If n ^ 3(mod 4), then n can be written as n = 2*^^^/ + r, where / > 1 is odd, t > 1, and r € {0, 1, 2}. Let 
2<d = 2*+M' + d" <n with wt(d) > 2, d' > and < d" < 2*+^ Then, wt(cr„,d) < 2"-i if one of the 
following conditions holds: a) / = 1; b) / > 3, d" = 0, and d' ;^ ^; c) / > 3, d" > 0, and (d' 7< ^ or 
d" ^ 2*). 

Thus, Conjecture [T] can be simplified as follows. 



Conjecture 2: Let / > 3 be odd, t > 1, n = 2*+^/ + r, r = —1, 0, 1, 2. The elementary symmetric Boolean 
function an^ is not balanced in the following cases: 

1) d = 2*+^^', wt(d') > 2 and 2 < d' ^ ^ for r = -1, 0, 1, 2; 

2) d = 2*+^d' + 2*, 1 < d' ^ ^ for r = 0, 1, 2. 

Therefore, to show that Conjecture [T] is true, it suffices to prove Conjecture |2] 

In ifTTl and |[T2l . the results for Conjecture [T] hold when n is large enough. And the conclusions in |[T3l are only 
for very special n and d. Compared with those results, our results are different. 

This note is organized as follows. Section II introduces the notation and the related results about Boolean functions 
and symmetric Boolean functions. In Section III, we give our main results about the weight of cr„^2' and (7„^. We 
prove that wt((T.„ rf) < 2"~^ holds in most cases. In Section IV, we discuss the weight of an4 depending whether 
n = 3(mod 4) or n ^ 3(mod 4). And then Conjecture [T] can be simplified as Conjecture |2] In order to fully 
solve the conjecture, we also consider the weight of (7„ 2'+2= and give some experiment results on wt((7„ 2'+20 in 
Section V. 

II. Preliminaries 

Throughout this note, let F2 be the finite field with two elements, n > be a positive integer, and Fg be the 
n-dimensional vector space over F2. To avoid confusion, we denote the sum over Z by +, and the sum over F2 
by e. 

We first recall some necessary definitions and results about Boolean functions and symmetric Boolean functions. 

A. Boolean Functions 

Let Bn be the set of all maps from Fj to F2. Such a map is called an n-variable Boolean function. The support of 
a Boolean function f G Bn is defined as supp{f) = {x G F2 | f{x) = 1}. The Hamming weight wt(/) of / is the 
cardinality of supp{f), i.e., wt(/) = \supp{f)\. The Hamming weight of a binary vector u = {ui,U2, • • • , Un) S Fg, 
is defined by wt(n) = Y17=i ^«- ^^ ^^y ^^^^ ^^ n- variable Boolean function / is balanced if wt(/) = 2"~^. 

Each Boolean function /(xi, • • • ,Xn) has a unique representation by a multivariate polynomial over F2, called 

the algebraic normal form (ANF): 

n 
f{xi,---,Xn)= /«n<'' ^"^^2. 

The algebraic degree of /, denoted by deg{f), is the maximal value of wt(ti) such that /„ 7^ 0. A Boolean function 
is called ajfine if it has degree at most 1 . Note that any nonconstant affine function is balanced. 

B. Symmetric Boolean Functions 

Definition 1: A Boolean function / is said to be symmetric if 

f{xi,--- ,Xn) = f{Xr(l),--- ,Xr(n)), 

for any permutation r of {1, 2, • • • , n}. 



Denote by SBn the set of all n-variable symmetric Boolean functions. The definition implies that a symmetric 
Boolean function / takes the same value for all the vectors with the same weight. Therefore every / € SBn can 
be simply represented by a vector 

Vf = {vf{0),vf{l),--- ,Vf{n))e¥"^+\ 

where the component Vf{i) = f{x) with wt(x) = i. The vector Vf is called the simplified value vector of f. 

Definition 2: For positive integers n and d, \ < d < n, the elementary symmetric Boolean fiinction On^d is 
defined as 

^n,d ^ y^]^ SJjjXjj • • • Xj^. 

I<ii<i2<---«d<" 

Based on the elementary symmetric Boolean functions, the algebraic normal form of / S SBn can be simplified 
as follows: 

n 
f{xi, ■■■ ,Xn) = ^ Xf{i)crn,i, A/(i) G F2. 
i=0 

The coefficients vector A/ = (A/(0), A/(l), • • • , A/(n)) is called the simplified ANF vector of f. 

Let n and m be two positive integers with their 2-adic expansions n = nk-i2^^^ + • • • ni2 + uq and m = 
mk-i2^~^ + • • • ?ni2 + itiq respectively. We say that m <n ii nii < rij for all < i < /c, and otherwise m -^ n. 
Lemma 1: (Lucas' formula) For non-negative integers n and m, the following congruence relation holds 

(").n7"')(mod2). 

Then, (^) = l(mod 2) if and only if m ^ n. 

Lemma 2: (||6l) Let / E SBn- Its simplified value vector vj and simplified ANF vector Aj are related by 

^/W = ©^/W andA/«=0^;/(A;), V i G {0, 1, • • • ,n}. 
By Lemma |2l we have 

v^^ji) = imd^i. (1) 

Thus, the weight of elementary symmetric Boolean function (T„ ^ is 

in. Our main Results 

In this section, we obtain our main results about the weight of cr„ 2* and (T„ d. We first consider the weight of 
o"„^2'- Next analyzing the weight of an,d-> we prove that wt((T„rf) < 2"~^ holds in most cases. Most notably, we 
can easily interpret the results in |l8], ||9] by using these results. 

Let n and L be two positive integers with 1 < L < n. For < i < L — 1, denote 



^»«^...s, .„G) 



0<j<nj=i{mod L) 



Since 2* ^ i iff i = 2*+'^z'+2*+g for some integers i' > and q with < g < 2* — 1, we have i = 2*+g(mod 2*+^). 
It follows from (O and (O that 

wtKsO = At\2') + AT (2' + 1) + • • • + At\2'^^ - 1). (3) 

There is an equation about J^^^i) given by Canteaut and Videau in ||6l. 
Lemma 3: (l6\) For positive integers n, p, i, we have 

Al\^) = 2"-- + 2^- ''^'\2cos '^T -s ^^^^^. 

i=i 

The following lemma will be very useful for our discussion on that the weight of (Tn,2* is greater than, less than 
or equal to 2"~^. 

Lemma 4: (Q) Let t and r be two positive integers. Suppose that oi > 03 > 05 > • • • > aj, with J = 2K + 1, 
are nonnegative integers. Define the sum 

jrn 



T= E «^- 



sm ■ 



i<j<J,j odd 
Then T has the same sign as sin ^^. 

With all the above preparation, we can consider the weight of o"n,2*- Consequently, we obtain the following 
results. 

Theorem 1: Let i be a positive integer and d = 2*. For any positive integer n > d, n can be written as 
n = 2*+^/ + r for some integers / > and < r < 2*+^ — 1. Then we have 

<2"^i, if 0<r < 2*+i -2, 
wt{an,d)l =2*"-^ if r = 2*+i - 1 or 2*+2 _ 1^ 
> 2""i, if 2*+i < r < 2*+2 _ 2. 

Proof: Applying Lemma [3] to Q in place of p = t + 1, one has 

wt(<T„,2,) = Ar'(2')+Af(2'+i)+^^^+.ir'(2'+'-i) 

j=2' j=l 

i=l i=2* 



From the formula in ||T41 : 



N 

v-^ , , rc ,7Va; , (N + l)x 

2_^cos{sx + y) = csc-cos(— - + y) sm , 



(4) 



one gets 



E 



cos ■ 



j{n — 2i)TT 



2'-l 

E 



j(n - 2i - 2*+i)7r 



i=0 



cos ■ 



2'-l 



cos 



2*+i 



j(n — 2i)7r 



cos ■ 



2*+i 

j(2*+2/ + r _2i)7r 



-IF E 

i=0 
2*-l 

■1)^' E - 2*H-i 



cos ■ 



i=0 



2*+i 



IN,- / J^ \ I (2*-l)j7r , jrvr . 2*J7r 
-ir csc(--^) cos( ^^x^ + ■^^^) sin{-^^^) 



2*H 



2*+i 2*+i- 



2t+i 



1N,- JTT , JTT j{r + l)Tr . jvr 
- 1 y CSC , , , cos m ) sm — 

0, if J is even, 

ITT • 7(r+l)7r .„ . . , , 

— CSC ^7+T sm ^y^/ , II J IS odd. 



Thus, 



wt(a.,20 = 2"-^ - 2"-* J] (cos ^)" CSC ^ sin 

l<i<2*-l,i odd 



JTT JTT . jC^ + 1)71" 

-ttt) CSC —rr-r sm --; . 

2*+! ^ 2*+-^ 2*+-^ 



Let flj = (cos ^iTiT CSC ^1^, 1 < i < 2* - 1. Then ai > a2 > ■ ■ ■ > a2*-i > 0. Denote 



T 



> (cos —r—r ) CSC —ttt Sm 

A^ ^ 2*+i 2*+^ 2*+^ 



l<i<2*-l,i odd 



E 

l<i<2'-l,i odd 



j(r + l)7r 



a,- sm ■ 



By Lemma m T has the same sign as sin ^t+i . Since 



sm 



> 0, if < r < 2*+i - 2, 
^$^^ =0, if r = 2*+i - 1 or 2*+2 - 1, 
< 0, if 2*+^ < r < 2*+2 - 2, 



D 



and wt(o-„,20 = 2""^ - 2"~*T. The result holds. 

By Theorem [U the following corollary in ||9] is obvious. 

Corollary 1: (191) Let n and t be two positive integers with 2* < n. Then (T„^2* is balanced if and only if n can 
be written as n = 2*+^/ — 1 for some positive integer /. 

Let i = Er=o^fc2*^ and j = YJk=oJk'2^ with ik.jk G ^2- Define operation V: 

m 

i V j = ^ maxjifc, jfc}2''. 
fc=o 

Denote [xj as the largest integer less than or equal to x. By equation ([T|l, we have the following Lemma. 
Lemma 5: ^ Let m = [log2nJ, i = YlZ=Q^k'^^ ^"^^ J — YTk=QJk'^^ with ikijk £ ^2- Then we have 

1) ^n,i=<l<20---^n>; 

Based on Theorem [T] and Lemma |5l we can get the following three corollaries about wt{an,d) with wt{d) > 2. 



Corollary 2: Let n, d be two positive integers with d = 2^^! + 2^^^ H \-2'^% s>2 and < di < (i2 < • • • < 

ds < UoS2^J- If there exists 1 < i < s, such that wt((T„2<'i) ^ 2"'"^. Then wt((T„^(i) < 2"~^. 
Proof: Using Lemma |5l we have 

For any < A; < n, one has that 

z;,„,,(/c) = 1 ^^ v„^^,^ (/c) = 1, VI < i < s, 

which implies supp{an,d) ^ supp{a^ g^'j) fo^" ^i^Y 1 < i < ■5- But, Vo- ^^ (2'^') = 1, f^o- d. (2'^') = for j / i, and 
then -yo-„,<j (2* ) = 0. Thus, supp{an,d) C supp{an^2''i ) and 

wt(a„,rf) < wt(a„,2<^.) < 2""^ 

D 

Corollary 3: Let ?i, d be two positive integers with d > 1 being odd. Then wt{an^d) < 2"~^. 

Proof: If d > 1 is odd, then d = 1 + d', where d' > 2 is even. By applying Lemma[5l-2), one has an,d = c^n.iCn.d'- 
Clearly, wt(o"„^i) = 2"~^ since an,i is a linear function and then is balanced. If follows from Corollary |2]that 
wt{an,d) < 2"-i. D 

Corollary 4: Let ?i, d be two positive integers with d = 2*^1 + 2*^2 H \-2'^% s >2 and 1 < di < d2 < • • • < 

ds < [log2n\. If 2d 2< n or 2'^'+'^ - 1 ^ n, then wt{an,d) < 2""^. 

Proof: According to Theorem [T] wt{an,2*) < 2"~^ if and only if n = r(mod 2*+^), where < r < 2*+^ — 1 or 
r = 2*+^ — 1. That is 2*+^ 2< n or 2*+^ — 1 ^ n. Combined with Corollary |2] if there exists 1 < i < s, such that 
2'^'+! 2< n or 2'^'+2 - 1 ^ n, then wt(cr„,rf) < 2"-^. Since 2'^^+'^ - 1 ^ 2*+^ - 1 for any 1 < i < s, we have 

2^+2 - 1 ^ n for some I <i<s ^^ 2'^^+'^ - 1 ^ n. 

Obviously, 2^^'+^ 2< n for some 1 < z < s iff 2d ;^ n. This completes the proof . D 

By the above results, we can obtain that wt((7„ j^) < 2"~^ holds in most cases, and so does the conjecture. 
Remark 1: Learned from the authors of ||9] we knew that the result given in Lemma 3.18 Q holds for < r < 

2*+^ instead for < r < 2*+^ + 2*. 

If d' is odd and 2* + 1 < d' < 2*+^ - 1 for some positive integer t. Let n' = 2*+^ -l' + r. Since 2* + 1 ^ d' and 

2* + 1 7^ d', by Lemma[5j one has wt((T„/^rf/) < wt(cr.„'^2'+i)- Since 

2'-i-l 2'-l . . jrTT_ 

wtK,,2.+i)= Y: ^r(2* + 2. + l) = 2"'-^ + 2"'-*-i(-l)''+i j; (cos-g,)"'"^""^'- 



2*+i sin -i^ 

s=0 j=l,odd ^^^^ 2'+i 



n'-2. 



(cos-lfi-) 



1) If r = or 2*+\ then wt((T„/,2*+i) = 2 

2) If 1 < r < 2*+^, then sin(2Tfr) > 0. Since '''""''. ^* ^jj — strictly decreases as j increases for 1 < j < 2* — 1, 

sin ^jqrr 

by Lemma in one has wt((T„/ 2*+i) < 2" ~^ if Z' is even; 

3) Similarly, if I' is even and 2*+^ < r < 2*+^ + 2*, then wt(cr.„',2'+i) > 2"'-2. 
Thus, we can only obtain that wt{an',d') ^ 2" "^ for even I' and < r < 2*+^. 
Remark 2: The above results cover the known results in |l8], ||9]. 

1) It has been proved that if an,d is balanced, then d < [^] HI. In fact, if wt{d) > 2 and (T„,d is balanced, by 
Corollaries |3]and|4l one has d must be even and 2d ^ n. Thus, d < [^J. 



2) Let n = 2*+^Z — 1 for some positive integers t, I. If d is even and 2* < d < 2*+^, then d can be written as 

d = 2'^! + 2*^^ H h 2'^=-! + 2*, where s > 2 and 1 < di < (i2 < • • • < ds-i < t. Thus, di + 2 < t + 1 and 

2^1+2 _ 1 ^ 2*+^ - 1 ^ n. By Corollary H one has wt{an,d) < 2""^ So the result obtained by Corollary 
3.10 and Lemmas 3.1, 3.13 in ||9l is a special case of Corollary 01 

3) Let n = 2*+^/ + r — 1 for some positive integers t, I and < r < 2*+^. If d is even and 2* < d < 2*+^, then 
0"^ rf is not balanced. The proof is as follows. 

a) If r = 0, then n = 2*+^/ — 1. It is a special case of 2), and so a special case of Corollary |4j 

b) If 1 < r < 2*+^ Since d is even and 2* < d < 2*+^ d = 2^ + d' for some even integer 2 < d' < 2* - 2. 
Then, 2d = 2*+^ + 2d' ^ n. By Corollary ID one has wt((T„,d) < 2"-^. 

Thus, the result obtained by Corollary 3.10, Lemmas 3.1, and the modified Lemma 3.18 in ||9l (replace 
< r < 2*+^ + 2* with < r < 2*+^) is also a special case of Corollary 51 

IV. The Weight of (Jn4 

In the section, we will discuss the weight of an,d depending whether n = 3 (mod 4) or n ^ 3 (mod 4). If 
n = 3(mod 4), our results cover the results in lITOl . Furthermore, if n = 2*"*"^/ — 1, / > 3 odd and 2*+^|(i, then an4 
is not balanced for wt((i) = 1 ov 2d :^ n, which is not contained in |[TOl . We can also get results for n ^ 3 (mod 4). 
As a result. Conjecture [1] can be simplified to Conjecture |2] 

A. The Weight of a^^ with n = 3(mod 4) 

When n > 3 and n = 3(mod 4), it can be written as n = 2*+^/ — 1, where / > 1 is odd and t > 1. For wt(d) = 1 
and wt((i) > 2, we can obtain the following theorems, respectively. These results cover the results in lITOl . 

Theorem 2: Let n = 2*+^/ — 1 and d = 2^, where / > 1 is odd, t > 1 and s > 1. Then an,d is balanced if and 
only if 1 < s < i. 

Proof: By Corollary [T] o"„^2= is balanced if and only if there exists /' > 1 such that n = 2^^^l' — 1. For any 
given positive integers t, s, and odd I, there exists /' > 1 such that 2*+^Z — 1 = 2'^"''^/' — 1 if and only if 1 < s < t. 
This finishes the proof. D 

If d > 1 is odd, by Corollary |3l we have wt{an,d) < 2^~^ . 

If d is even and wt(d) > 2, we have the following theorem. 

Theorem 3: Let n = 2*+^/ - 1 and 2 < d = 2*+id' + d" < n, where / > 1 is odd, t > 1, d' > and 
< d" < 2*+^. If d is even and wt(d) > 2, then wt(o"„ rf) < 2""^ if one of the following conditions hold: 

1) 1 = 1; 

2) / > 3, d" > 0; 

3) / > 3, d" = 0, and d' ^ ^. 

Proof: Since / is odd, write it as / = 2c+ 1, c = ^ > 0. Then n = 2*+^l - 1 = 2*+2c + 2*+i - 1. If d is even and 
wt(d) > 2, then d can be written as d = 2^^ + 2'^= H h 2'^^ with s > 2 and 1 < di < d2 < • • • < d^ < Llog2™J- 

1) If / = 1, n = 2*+i - 1. Since 1 < di < d^ < t, we have di + 2 < t + 1 and 2^^1+2 _ i ^ „. By Corollary g] 
we obtain wt((j„^d) < 2""-*^. 

2) If / > 3 and d" > 0, then d" = 2'^^ +2^^^ + • • • + 2"'' for some 1 < i < s. Since d" < 2*+\ one has 1 < di < t. 
By Corollary |2j we get wt((T„2''i) = 2"~^. According to Corollary |2] wt(o"„^(i) < 2"~^. 



3) When / > 3 and d" = 0. If d! 2< c, we have 2d = 2*+^^' ^ n. By Corollary H we have wt(<T„_d) < 2"-^. 
The proof is completed. D 

In ifTOl . the authors proved that if n = 2*+^/ — 1, / odd and 2*+^ /{d, an,d is balanced if and only if d = 2'^, 
I < k < t. Thus, the results in Corollary |3]and Theorems |2] |3] cover the results given in ifTOl . Furthermore, the 
result for / > 3 odd and 2*+^|(i is not contained in ifTOl . 

B. The Weight of a^^ with n ^ 3 (mod 4) 

When n > 3 and n ^ 3(mod 4), it can be written as n = 2*+^/ + r, where / > 1 is odd, t > 1, and r = 0, 1, 2. 
Similarly, we have the following results. 

Theorem 4: Let n > 3 and d = 2^ < n with s > 1. If n ^ 3(mod 4), then the elementary symmetric Boolean 
function an,d is not balanced. 

Proof: The result directly follows from Corollary [T] D 

If (i > 1 is odd, by Corollary |3] we have wt((7„^) < 2"~^. 

If d is even and wt(d) > 2, we have the following result. 

Theorem 5: Let n = 2*+^/ + r and 2 < d = 2*+^d' + d" < n with / > 1 is odd, t > 1, r G {0, 1, 2}, d' > 0, and 
< d" < 2*+^. If d is even and wt{d) > 2. Then, wt((T„ ,^) < 2""^ if one of the following conditions holds: 

1) 1 = 1; 

2) / > 3, d" = 0, and d' j< ^; 

3) / > 3, d" > 0, and (d' 2< ^ or d" ^ 2*). 

Proof: Since / is odd, write it as / = 2c + 1, c = ^ > 0. Then n = 2*+^/ + r = 2*+'^c + 2*+^ + r. 

1) When I = 1, n = 2*+^ + r. Since d is even, wt((i) > 2, one has 4j2d and wt{2d) > 2. Thus, 2d j< n. By 
Corollary H] we obtain wt(cr,„ ,i) < 2"~^. 

2) When / > 3 and d" = 0. If d' -^ c, we have 2*+^^' 2< 2*+2c + 2*+^ + r. That is, 2d j< n. By Corollary H we 
obtain wt((T„^rf) < 2""^. 

3) When / > 3 and d" > 0. Since d is even, one has d" > 2 and 4|2d". Therefore, 2d" ^ 2*+^ + l(mod 2*+^) 
and 2d" ^ 2*+^ + 2(mod 2*+2). 

If d" / 2*, then 2d" ^ 2*+i(mod 2*+^). So, 2d" ^ 2*+\ 2*+^ + 1, 2*+^ + 2(mod 2*+^). From 2d" > 4 > r, 
one has 2d" ^ r, 2*+\ 2*+^ + r(mod 2*+^). Thus, 2d" ^ 2*+^ + r and 2d ^ n. If d! -^ c, we also have 
2d 2< n . By Corollary H we get wt(cr„,d) < 2""^. 
The proof is completed. D 

From Corollary |3]and Theorems 05] Conjecture [Uholds in most cases and the unsolved conditions are 

1) d = 2*+^d', wt(d') > 2 and 2 < d' ^ ^ for r = -1, 0, 1, 2; Or 

2) d = 2*+^d' + 2*, 1 < d' ^ ^ for r = 0, 1, 2, 
where n = 2*+^/ + r, / > 3 is odd, and t > I. 

Thus, Conjecture [T] can be simplified as Conjecture |2] 

V. The Weight of <t„,2*+2» 
In order to solve the conjecture, we consider the weight of (7„^2'+2' and give some experiment results on 
wt((7„^2'+20 ii^ this section. 
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Theorem 6: Let n, d be two positive integers with d = 2* + 2'^ < n and 1 < t < s < [log2nJ. Then 
wtK,) = 2- -2- 'g (cosa,r ""^''°;^"f^":f;+;^"-^ 

j=l,j odd \ 3) \ 3 J 

where aj = ^^. 

Proof: Since d <i if and only if f = 2*+^i' + 2** + 2*+^p + 2* + g for some non-negative integers i' , p, q with 
< p < 2'*"*"^ - 1 and < g < 2* - 1. Thus, i = 2^^ + 2*+^^ + 2* + g(mod 2''+^) and 

wtK,,) = Yl E^-"(2^+2*+^p + 2* + g) 

p=0 (j=0 

^ ' e" E ■^"-' ^ ^- Ei^^ ^r cos ^'" - '■" - ^;:^ - ^'" - ^-"- i 

p=0 g=0 j=l 

2=-l 2''-*-i-12*-l 

= 2"-2 + 2""^ ^ (cos Oj)" J]] Y^ cos((n - 2^+^ - 2*+^^ _ 2*+^ - 2g)aj) 

i=l p=0 9=0 

2=-l 

= 2"-2 + 2"-^ J]](cosajr-5j-, 
i=i 

where a^ = ^ and 5j = ES '~^ EJ=o^ cos((n - 2"+^ - 2*+^p - 2*+^ - 2g)aj) for 1 < j < 2^ - 1. By using 
the formula (UJ, we get 

2=-*-i-l 

Sj = Y csc(-aj)cos((?i-2"+^-2*+2p-2*+^-2* + l)aj)sin(-2*aj) 

p=0 

= csc(aj) sin(2*aj) J]] cos((n - 2^*+^ - 2*+^^ - 2*+^ - 2* + l)aj) 

p=0 

= csc(aj) sin(2*aj) csc(2*+^aj) cos((?i - 2^+^ - 2' - 2* + l)aj) sin(2'aj) 
= csc(aj) sin(2*aj) csc(2*"'' aj) cos((?i — 2* + l)aj ) sin — 

{0, if J is even, 

— csc(aj) sin(2*aj) csc(2*~'"^aj) sin((n — 2* + l)aj), if j is odd. 



Therefore, 



wtK,) = 2-2-2— Y (cosa,r-'^"('*"^-^^^"(^^-'* + ')"^-^ 



sinfa,) sin(2*+-^ao) 
j=l,j odd \ J/ \ J J 

U 

By Theorem |6j we see that it is hard to determine whether wt((Tn 2'+20 is greater than or less than 2"~^. With 

the help of a computer, we calculate wt(iTn,2'+20 ^i^^ find that 

1) if t = 1 and 3 < / < 181, then wt(cr„,2'+20 < 2""^ 

2) if t = 2 and / = 3, then n = 24 + r, wt(cr„,i2) > 2""^ and wt(cr„,2o) < 2""^ 

3) if t = 2 and 5 < / < 121, then wt(<T„,2'+20 < 2""^ 

4) if t > 3, some of wt((T„^2*+20 ^^^ greater than 2"~^; 

where 1 < t < s < Llog2f^J, "- = 2*+^/ + r, / > 3 is odd, and r G {0, 1, 2}. 

From Corollary |2] we have if wt(cr„,2*+20 < 2"""^ and 2* + 2^ ^ d, then wt(cr„,rf) < 2""^. 
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